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The superiority of MJC is maintained for wing-opening durations
of 0:05 ¡ 0:15, although for wing-deployment periods larger than
0:2, the advantageof MJC over SDH is diminished. Because of un-
certainties in the wing deployment mechanism and because larger
deployment periods may require more complex mechanisms, dura-
tions less than 0:2 s should not be ignored. This implies that MJC
appears to be useful for the described application.

V. Conclusions
The synthesis problem of wing deployment of a UAV was con-

sidered via the jump Markovian systems approach. The change in
the vehicle’s dynamics due to wing deployment was given a proba-
bilistic interpretation,where the probabilityof deploying the wings
from a folded position increases exponentiallywith time. However,
once deployed, the wings remain open and, therefore, have a zero
probabilityof switching back to a folded position. This description
may even be closer to reality than the more intuitive deterministic
one whereby the instant of wing deployment is selected according
to a set of a priori de� ned conditions on the angle attack and its
derivative, for example, small absolute value of the angle of attack
combined with a small absolute derivative of the angle of attack.
Even in the deterministic case, the � rst moment during which the
described conditions are satis� ed may depend on random param-
eters such as the angle of attack of the host vehicle at release, its
velocity, etc., giving rise, in a very natural way, to a probabilistic
interpretation of the switching time. For the situation where wing
deployment timing is de� ned a priori, the transition probabilities
may be consideredto be design parameters tuned to maximizing the
closed-loop bandwidth, minimizing control effort, etc.

The results achieved by the Markovian jump systems approach
are quite encouraging. For very short-duration wing deployment,
the Markov-jump-theory-based disturbance attenuation factor is
markedly less than those obtained with the more common ap-
proaches of simply treating each wing state separately or requiring
quadratic stability. The latter uses a single gain matrix to control
the plant during its two different phases and, therefore, does not
utilize the information about the parameter jumps, thus resulting in
poor performancewith a large control effort. Separately treating the
closed- and open-wing systems does utilize the jump information,
but does not account for the transient, thus leading to good distur-
bance attenuation, but at the cost of large controls. The Markovian
jump approach uses different gain vectors for each phase while ac-
counting for the jump. Although the probabilistic modeling of the
jump may seem somewhat arti� cial in the case of a single-shotwing
deployment operation,where no folding back of the wings is possi-
ble, the approach suggested can be thought of as a gain scheduling
approach for systems with discrete operating points. This approach
loses its advantage when the transition between these operating
points is slow. The suggested procedure of comparing performance
levels using both the deterministic and stochastic frameworks may
be a useful addition to the overall control design process.

Although the application presented for the Markov jump ap-
proach, wing deployment in a UAV, is not very common in the
aerospace industry, the design, analysis and simulation proce-
dure suggested here may be relevant for other applications, where
possibly fast enough transitions occur between discrete operating
points.
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Fast Quaternion Attitude Estimation
from Two Vector Measurements
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Introduction

M ANY spacecraft attitude-determination methods use exactly
two vector measurements, e.g., unit vectors along the line of

sight to a star or the sun or along the Earth’s magnetic � eld. We
want to � nd the attitude matrix that transforms vectors from some
referenceframe to the spacecraftbody frame. That is, we would like
to � nd a 3 £ 3 proper orthogonalmatrix A such that

Ari D bi for i D 1; 2 (1)

where b1 and b2 are the measured unit vectors in the spacecraft
body frame and r1 and r2 are the corresponding unit vectors in the
reference frame. It is impossible to satisfy both of these equations
in general because they imply that b1 ¢ b2 D r1 ¢ r2 , which might not
be true in the presence of measurement errors. All reasonable two-
vector attitude-determinationschemes give the same estimate when
this equality holds, however.

The earliest algorithm for determining spacecraft attitude from
two vector measurements was the TRIAD algorithm,1;2 which is
simple to implement but does not treat the observations optimally.
Wahba3 proposed that the optimal attitude matrix should minimize
the loss function4

L.A/ ´ 1

2

X

i

ai jbi ¡ Ari j2 D
X

i

ai ¡ trace.ABT / (2)

where the ai are positiveweights assigned to the measurementsand

B ´
X

i

ai bi rT
i (3)

Shuster showed a simpli� cation of his optimal QUEST algorithm
for the two-observation Wahba problem,5 but Ref. 6 presented the
� rst explicit closed-form optimal solution. Most existing optimal
two-observation algorithms are signi� cantly slower than TRIAD
and actually slower than optimal n-observation algorithms. Recent
exceptionsare Mortari’s optimal EULER-2 algorithm7 and a subop-
timal algorithm proposed by Reynolds.8 The present Note presents
two new algorithms for quaternionestimation from two vector mea-
surements.The � rst is a very ef� cientoptimalalgorithm,which is al-
most as fast as the TRIAD algorithm.The second producesthe same
suboptimal estimate as TRIAD, but at reduced computationalcost.
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Optimal Two-Observation Quaternion
Estimation Method

Following Davenport, we use the quaternionparameterizationof
the attitude to write the loss function as2;4
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where q and q4 are the vector and scalar parts of the quaternion,
respectively. We follow Shuster’s quaternion conventions, but our
treatment can be easily adapted to other conventions.9¡11

In the two-observation case it is useful to de� ne the normalized
cross products

r3 ´ .r1 £ r2/=jr1 £ r2j; b3 ´ .b1 £ b2/=jb1 £ b2j (5)

We note that r3 or b3 is unde� ned if the reference vectors or the
observedvectors, respectively,are collinear,which means that there
is insuf� cient information to determine the attitude uniquely. The
optimal estimate must result in Aoptr1 and Aoptr2 being coplanar
with b1 and b2 , which means that the optimal transformation maps
the cross-productvectors as

Aoptr3 D b3 (6)

This can be seen from the explicit solution,6 geometricalreasoning,7

or simply observing that any out-of-plane component of Aoptr1

or Aoptr2 would increase Wahba’s loss function. The TRIAD es-
timate, although not optimal, always obeys Eq. (6), but not all two-
measurement estimates do.12

Reynolds8 observed that the most general transformation taking
r3 into b3 can be expressed as a rotation through an arbitrary angle
Ár about r3 followed by the transformation that takes r3 into b3

using the minimum-angle rotationand then by a rotation throughan
arbitrary angle Áb about b3. This has the quaternion representation,
up to an irrelevant overall sign,
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and Á ´ Áb C Ár . The quaternionq180 transformsr3 into b3 by means
of a 180-deg rotation about the bisector of these two vectors. We
� nd the optimal quaternion by inserting Eq. (7) into Eq. (4) and
� nding the angle Á that minimizes the loss function. The half-angle
formulas of trigonometry and some vector algebra give

L.A/ D a1 C a2 ¡ .1 C b3 ¢ r3/¡1.® cos Á C ¯ sin Á/ (10)

where

® ´ .1 C b3 ¢ r3/.a1b1 ¢ r1 C a2b2 ¢ r2/

C .b3 £ r3/ ¢ .a1b1 £ r1 C a2b2 £ r2/ (11)

¯ ´ .b3 C r3/ ¢ .a1b1 £ r1 C a2b2 £ r2/ (12)

The loss function is minimized by setting cos Á D ®=° and
sin Á D ¯=° with

° ´
p

®2 C ¯2 (13)

which gives
L.Aopt/ D a1 C a2 ¡ .1 C b3 ¢ r3/

¡1° (14)

We avoid singularities for cosÁ D §1 by using alternative forms of
trigonometric half-angle relations to write the optimal quaternion
estimate as

If ® D 0, ° D j¯j from Eq. (13) so that these equations are identical
except possibly for an irrelevant overall sign.

The precedingexpressionsare indeterminatewhenb3 D ¡r3. This
conditioncan be avoidedby solving for the attitudewith respect to a
referencecoordinateframe related to the originalreferenceframe by
a 180-deg rotation about one of the coordinate axes.4;5;13 This rota-
tion is easy to implement on the input data because a rotation about
any coordinate axis simply changes the signs of the components of
r1, r2 , and r3 along the other two axes. The effect of a rotationabout
the i th axis on the inner product b3 ¢ r3 is thus

.b3 ¢ r3/rotated D [.b3/i .r3/i ¡ .b3/ j .r3/ j ¡ .b3/k .r3/k]unrotated

D [2.b3/i .r3/i ¡ b3 ¢ r3]unrotated (16)

We ensure the largest value for b3 ¢ r3 in Eqs. (14) and (15) by
performing the estimation in the original reference frame if b3 ¢ r3

is larger than any of the products .b3/i .r3/i in this frame, or rotating
about the axis with the maximum product .b3/i .r3/i if this is larger
than b3 ¢ r3. In the latter case the estimated quaternion q i is easily
restored to the original frame by
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(17)

where ei is the unitvectoralong the i th coordinateaxis. This requires
only permutations and sign changes of the quaternion components.

Suboptimal Two-Observation
Quaternion Estimation Method

The optimal estimate gives Ar1 D b1 in the limit that the � rst
measurement is assigned much more weight than the second. This
is often the case of interest, as when combiningmeasurements from
a � ne digital sun sensor with arc-minute accuracy and a triaxial
magnetometer with errors of a few degrees, and is the case treated
by TRIAD. The quaternion estimate taking r1 into b1 is given, in
analogy with Eq. (7), by

q.Ã/ D
1

p
2.1 C b1 ¢ r1/

»
cos

³
Ã

2

´ µ
b1 £ r1

1 C b1 ¢ r1

¶

C sin

³
Ã

2

´ µ
b1 C r1

0

¶¼
(18)

In parallel with the optimal case, we � nd

L.A/ D a2

£
1 ¡ .b1 ¢ b2/.r1 ¢ r2/

¡ .1 C b1 ¢ r1/¡1.¹ cos Ã C º sin Ã/
¤

(19)
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where

¹ ´ .1Cb1 ¢ r1/[.b1 £b2/ ¢ .r1 £ r2/]¡ [b1 ¢ .r1 £ r2/][r1 ¢ .b1 £b2/]
(20)

and

º ´ .b1 C r1/ ¢ [.b1 £ b2/ £ .r1 £ r2/] (21)

The loss function is minimized by setting cos Ã D ¹=½ and
sin Ã D º=½, with
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which gives
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Fig. 1 Estimation errors of 1000 test cases with 2-deg measurement
errors.

Fig. 2 Empirical estimation error probability distributions with 2-deg
measurement errors.

This estimate is suboptimalfor generalmeasurementweights,but
it is less expensive to compute than the optimal estimate because it
avoidsnormalizingthecrossproductsr1 £ r2 andb1 £ b2. If eitherof
these cross products is zero, indicating collinearity of the reference
or body frame vectors, Eqs. (20) and (21) show that the estimate
is unde� ned. The case of b1 D ¡r1 is handled by reference frame
rotations in the same manner as for the optimal estimate.

Performance
The computational speed of the new optimal algorithm is 153

or 155 MATLAB® � oating point operations (� ops), depending on
whether or not a reference frame rotation is required. This includes
evaluation of the loss function, which provides a useful check for
rejecting erroneous data. The optimal algorithm is almost as fast

as the nonoptimal TRIAD algorithm (118 � ops) followed by the
extraction of a quaternion from the attitude matrix (20 or 22 � ops).
The suboptimal quaternion estimation algorithm requires only 104
or 106 � ops to compute the TRIAD attitude estimate.

Simulationswereperformedwith randomattitudesuniformlydis-
tributed on the rotation group manifold14 and random observation
vectors independentlyand uniformly distributedon the unit sphere.
The weights used in the optimal estimation algorithm were the in-
verse variances of Gaussian random errors that were added to the
measurements. These variances are generally known a priori, but
Ref. 4 discusses errors arising from mismodeled weights. The atti-
tude estimationerrorwas computedas the magnitudeof the rotation
angle between the true and estimated attitudes.4

The � rst of two simulation scenarios had equal measurement
weights to show the largest difference between the optimal and
suboptimal estimates. Measurement errors appropriate for a coarse
sun sensor and a triaxial magnetometer were simulated with stan-
dard deviations of 2 deg per axis. Figure 1 exhibits the optimal
and suboptimal estimation errors for 1000 test cases as functions
of the angle between the two observed vectors. These errors have
been multiplied by jb1 £ b2j to show that they are roughly inversely
proportional to this geometrical factor and to facilitate plotting on
a convenient vertical scale. To highlight the differences between
the two estimators in this scenario, the probability distributions of
jb1 £ b2j times the estimation errors in 10,000 simulations are plot-
ted in Fig. 2. The products of jb1 £ b2j and the errors of the optimal
and suboptimalestimates are less than 5.3 and 5.6 deg, respectively,
at the 95% con� dence level and less than 6.7 and 6.9 deg at the 99%
con� dence level.

The second scenario used measurement standard deviations of
1 arc minute per axis on the � rst vector and 2 deg on the second,
whichwould be appropriateformeasurementsfroma � nedigital sun
sensor and a triaxial magnetometer, respectively. The suboptimal
estimationerrorswere indistinguishablefrom the optimal in a � gure
analogous to Fig. 1, as was to be expected for this unequal-weight
scenario.

Conclusions
We have presented two new algorithms for quaternionestimation

using two vector measurements:an optimal algorithm that is almost
as fast as the TRIAD algorithmand a suboptimalalgorithmproduc-
ing the TRIAD estimate at reduced computational cost. Tests show
that the optimal estimates are marginally superior to the suboptimal
estimates.
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T HE six equations shown in the following contained typographical er-
rors in the printed journal article. The corrected equations are given

here:
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